We consider low-energy nucleons at next-to-next-to-leading order in lattice chiral effective field theory. Three-body interactions first appear at this order, and we discuss several methods for determining three-body interaction coefficients on the lattice. We compute the energy of the triton and low-energy neutron-deuteron scattering phase shifts in the spindoublet and spin-quartet channels using Lüscher's finite volume method. In the four-nucleon system we calculate the energy of the α particle using auxiliary fields and projection Monte Carlo.
I. INTRODUCTION
We study low-energy nucleons on the lattice at next-to-next-to-leading order in chiral effective field theory. In Weinberg's scheme [1, 2] counting orders in effective field theory is equivalent to dimensional analysis for irreducible diagrams. The expansion parameter is Q/Λ, where Q is the low momentum scale associated with external nucleon momenta or the pion mass, and Λ is the high momentum scale at which the effective theory breaks down.
Terms at next-to-next-to-leading order are of size Q 3 /Λ 3 , and three-nucleon interactions first contribute at this order. In this work we consider three-nucleon forces on the lattice for systems with three and four nucleons. Our analysis continues a series of recent papers on lattice chiral effective field theory for few-and many-nucleon systems. Previous studies have considered dilute neutron matter and light nuclei using interactions at leading order [3, 4] and next-to-leading order [5, 6, 7] .
Our discussion is organized into three parts. The first part begins with an overview of the effective potential for nucleons up to next-to-next-to-leading order in chiral effective field theory. Reviews of chiral effective field theory can be found in Ref. [8, 9, 10, 11] . We discuss some simplifications that can be made at low cutoff momentum and present lattice operators for each interaction. Nucleon-nucleon phase shifts and the S-D mixing angle are determined using a spherical wall method [12] and used to set unknown operator coefficients.
In the second part we calculate the low-energy spectrum for three nucleons. We compute the triton energy and determine neutron-deuteron phase shifts using Lüscher's finite volume method. These are used to constrain the two unknown three-body operator coefficients.
In the third and final part we rewrite the lattice action in terms of auxiliary fields and use projection Monte Carlo to calculate the energy of the α particle. This leads to a discussion of alternative methods for fixing three-body operator coefficients. We summarize our results and discuss possible extensions in future work.
II. CHIRAL EFFECTIVE FIELD THEORY A. Effective potential for two nucleons
In the following q denotes the t-channel momentum transfer for nucleon-nucleon scattering while k is the u-channel exchanged momentum transfer. We assume exact isospin symmetry and neglect electromagnetic interactions. At leading order (LO) in the Weinberg scheme the two-nucleon effective potential consists of two independent contact terms and instantaneous one-pion exchange (OPEP),
The scattering between nucleons consists of contributions from direct and exchange diagrams. Nevertheless for bookkeeping purposes we label the interactions according to the tree-level scattering amplitude for distinguishable nucleons. For two-nucleon interactions we label one nucleon as type A and the other nucleon as type B. In this notation the amplitude for V (0) is
and the amplitude for V OPEP is
The vector arrow in σ signifies the three-vector index for spin. The boldface for τ signifies the three-vector index for isospin. We take for our physical constants m = 938.92 MeV as the nucleon mass, m π = 138.08 MeV as the pion mass, f π = 93 MeV as the pion decay constant, and g A = 1.26 as the nucleon axial charge.
At next-to-leading order (NLO) the two-nucleon effective potential contains seven independent contact terms carrying two powers of momentum, corrections to the two LO contact terms, and the leading contribution from the instantaneous two-pion exchange potential (TPEP) [13, 14, 15, 16, 17] ,
The tree-level amplitudes for the contact interactions are
and
The amplitude for the NLO two-pion exchange potential is [18, 19] A V
where
At next-to-next-to-leading order (NNLO) there are no additional two-nucleon contact interactions, but the two-pion exchange potential contains a subleading contribution,
The low-energy constants c 1 , c 3 , c 4 parameterize the coupling of the nucleon to two pions.
These constants have been determined from fits to low-energy pion-nucleon scattering data [20] , and in the following we use the values c 1 = −0.81
B. Three-nucleon interactions
A number of different phenomenological three-nucleon potentials have been introduced in the literature [22, 23, 24, 25, 26, 27, 28, 29, 30] . Effective field theory provides a systematic method for estimating the relative importance of three-body interaction terms. Few-nucleon forces in chiral effective field theory beyond two nucleons were first introduced in Ref. [2] . In
Ref. [31] it was shown that three-nucleon interactions at NLO cancel and three-body effects first appear at NNLO. The NNLO three-nucleon effective potential includes a pure contact potential, V
contact , one-pion exchange potential, V
OPE , and a two-pion exchange potential, V
The corresponding diagrams are shown in Fig. 1 . 
contact , one-pion exchange potential V
OPE , and two-pion exchange potential V
TPE .
Similar to our bookkeeping notation for two-nucleon interactions, we write the tree-level amplitude for three-nucleon interactions where the first nucleon is type A, the second nucleon type B, and the third type C. We sum over all permutations P (A, B, C) of the labels, and q A , q B , q C are defined as the differences between final and initial momenta for the respective nucleons. The amplitudes for V
contact and V
OPE are [32, 33] A V
The coefficients E and D are both cutoff dependent. The coefficient E determines the short distance interactions between three nucleons, while D determines the pion coupling to two nucleons. Following the notation introduced in Ref. [33] , we define dimensionless parameters c E and c D such that
where Λ χ ≃ m ρ . We take Λ χ = 700 MeV.
For convenience we separately label three parts of the two-pion exchange potential,
The corresponding amplitudes are
C. Simplified form at low cutoff momentum A number of alternatives to Weinberg's power counting have recently been discussed in the literature [34, 35, 36, 37] . However at low cutoff momentum the advantages of these alternative schemes are numerically small [38] . In this study we use spatial lattice spacing a = (100 MeV) −1 , corresponding with cutoff momentum Λ = 314 MeV ≈ 2.3m π . Our choice of low cutoff scale avoids numerical problems in Monte Carlo simulations due to spurious deeply-bound states and large sign/phase oscillations.
In the following lattice calculations we use Weinberg's power counting with some additional simplifications made possible by the low cutoff momentum. For nearly all |q| < Λ we can expand the NLO two-pion exchange potential in powers of q 2 /(4m
This expansion fails to converge only for values of q near the cutoff scale Λ ≈ 2.3m π , where the effective theory is already problematic due to large cutoff effects. From a practical viewpoint there is no advantage in retaining the full non-local structure of V TPEP NLO at this lattice spacing. Instead we simply use
where the terms in Eq. (19) with up to two powers of q are absorbed as a redefinition of the coefficients ∆V (0) and V (2) .
Similarly we can expand the NNLO two-pion exchange potential,
The terms with two powers of q were already included at NLO, and so there are no additional terms in the two-nucleon potential at NNLO. In our low cutoff scheme the only new contributions at NNLO are due to three-nucleon interactions, [4, 5, 6 ]. Since we consider only one action, we drop the "2" subscript on LO 2 .
The transfer matrix operator is
The momentum-dependent coefficient function f ( q) is given by
Our lattice notation is defined in the Appendix. The densities ρ a † ,a and ρ the value b = 0.6, which gives approximately the correct effective range for the two S-wave channels when C and C I 2 are tuned to the physical scattering lengths. C is the coefficient of the Wigner SU(4)-invariant contact interaction [39] , and C I 2 is the coefficient of the isospindependent contact interaction. In terms of coefficients for the isospin-singlet and triplet channels,
This "improved" leading-order action is treated non-perturbatively while higher-order interactions are included as a perturbative expansion in powers of Q/Λ. This is sketched in Fig. 2 .
In pionless effective field theory the three-nucleon contact interaction is included at leading order [40, 41, 42] . This is needed to stabilize the three-nucleon system in the limit of zero-range interactions [43] . In this study we use chiral effective field theory where the interactions have nonzero range. However given our coarse lattice spacing, we may find that the three-body contact interaction is numerically large and requires non-perturbative treatment. Non-perturbative three-body contact interactions on the lattice have been discussed in the literature [44, 45, 46] . However for the lattice calculations presented here we choose a different approach to address the same problem.
We use the fact that the three-nucleon interaction depends on both the spatial lattice spacing, a, and the temporal lattice spacing, a t . The temporal lattice spacing regulates the transfer matrix element when the interaction potential energy exceeds a −1 t . As a result it can affect the magnitude and sign of the three-body contact interaction [47] . With the spatial lattice spacing held fixed, we dial the temporal lattice spacing to a value where the three-nucleon interaction is numerically small. This involves a calculation of the spectrum of the three-nucleon system. In the following calculations we use the lattice spacings a = (100 MeV) −1 and a t = (150 MeV) −1 and show that the strength of the three-nucleon contact interaction is small enough to be treated using perturbation theory. For these lattice spacings we find leading-order coefficients
MeV −2 when tuned to the physical S-wave scattering lengths.
B. Transfer matrix at NLO
At next-to-leading order the lattice transfer matrix is
The corrections to the leading-order contact interactions are
and the seven independent contact interactions with two derivatives are
The densities, current densities, and symbols ∆ l and ▽ 2 l , are defined in the Appendix. The V
I=1
(iq×S)·k term is designed to eliminate lattice artifacts in the spin-triplet even-parity channels. This is done by projecting onto the isospin-triplet state,
We measure phase shifts on the lattice by imposing a spherical wall boundary on the relative separation between two nucleons at some chosen radius. From the properties of the spherical standing waves we determine scattering phase shifts and mixing angles [12] . The scattering results are nearly identical with the LO 2 data at lattice spacings a = (100 MeV)
and a t = (70 MeV) −1 presented in Ref. [5] . The values for the next-to-leading order coefficients are shown in Table I . These values are similar to the NLO 2 coefficients in Table III of Ref. [5] , though there are some differences due to the change in temporal lattice spacing. 
IV. THREE-NUCLEON INTERACTIONS AT NNLO
At next-to-next-to-leading order the transfer matrix is
From the constraints of isospin symmetry, spin symmetry, and Fermi statistics, there is only one independent three-nucleon contact interaction [33, 42] . In Eq. (12) we wrote this as a τ A · τ B interaction over all permutations of the labels A, B, C. For our lattice action we choose to write the contact interaction V
contact as a product of total nucleon densities,
The one-pion exchange potential V
OPE can be written as
The three two-pion exchange terms V
TPE3 are
Definitions for the symbol and the two-point pion correlation functions are given in the Appendix.
In the continuum limit the tree-level scattering amplitudes are
Comparing these with Eq. (12-18), we have 
A. Triton energy
With the lattice transfer matrices M LO , M NLO , M NNLO , we use iterative sparse-matrix eigenvector methods to compute the triton energy for cubic periodic lattices. We consider cubes with side lengths L = 3, 4, 5, 6, 7, 8 and extract the infinite volume limit using the asymptotic parameterization [48] , nn interactions are replaced with np interactions [33] . This adjustment takes into account the systematic error in our isospin-symmetric calculations with two-nucleon interactions matched to np phase shifts. We note the similarity between Fig. 3 and other plots of c E versus c D found in Fig. 2 of Ref. [33] and Fig. 2 of Ref. [49] . In our case the plots are exactly linear due to our perturbative treatment of the three-nucleon interactions. In Fig. 4 we show E triton (L) versus L measured in physical units at LO, NLO, and NNLO. For the NNLO calculation we show data for c D = 1.0 fitted to the physical triton energy. We see that the NLO and NNLO corrections each appear small enough to be treated using perturbation theory.
B. Neutron-deuteron scattering
Lüscher's formula relates the energy levels for a two-body system in a finite periodic cube to scattering phase shifts at infinite volume [50, 51] . We use this method to calculate neutron-deuteron scattering phase shifts in the spin-doublet and spin-quartet channels. For cubic lattice lengths L = 4, 5, 6, 7, 8 we measure the three-nucleon energy levels relative to the threshold energy for a non-interacting neutron and deuteron in the same volume.
In Fig. 5 we plot p cot δ versus p 2 in the center-of-mass frame for the spin-doublet channel.
Using the pseudo E triton constraint for c E , we show NNLO results for c D = −6.0, 0.0, 6.0.
This can be compared with the physical scattering length 2 a nd = −0.645 ± 0.003 exp. ± 0.007 th. fm [52] and pseudo scattering length 2 a nd = −0.45(4) fm resulting from adjusting the strength of nn interactions to match np interactions [33] . A detailed discussion of isospin-breaking contributions to the neutron-deuteron scattering lengths can be found in Ref. [53] . We match to the pseudo scattering length and find that c D lies in the range from −6.0 to +6.0. This is a rather loose constraint since we already expect c D ∼ O(1) based on the natural size of coefficients under renormalization group transformations. We consider alternative methods for constraining c D later in our discussion.
In Fig. 6 we plot p cot δ for the spin-doublet channel for a wider range of p 2 . For the NNLO calculation we show data for c D = 1.0 fitted to the physical value for E triton . The experimental results are nd and pd scattering data from the partial wave analysis in Ref. [54] .
The dashed line shows an empirical model introduced in Ref. [54] with a pole singularity in p cot δ just below zero energy. This empirical model also accommodates data points for the triton and 3 He bound states at negative p 2 . In our lattice data we also find non-trivial scattering behavior just below zero energy. The interpretation of these results and possible connections with the Efimov effect at finite volume are currently being studied [55, 56, 57] .
The deuteron break-up threshold is near p 2 = 0.07 fm −2 , and the agreement between lattice and experimental results for nd scattering is quite good below break-up. Above the breakup threshold our analysis using Lüscher's finite volume formula does not take into account mixing between nd and nnp three-nucleon states. Therefore we expect significant errors in the case of strong mixing. In Fig. 7 we plot p cot δ for the spin-quartet channel. Again we show experimental results for nd and pd scattering from Ref. [54] , and for the NNLO calculation we present data for c D = 1.0 fitted to the physical value for E triton . The lattice data agree with experimental results for nd scattering below deuteron break-up. However significant deviations appear above the break-up threshold. This may indicate mixing effects between nd and nnp states.
V. TRANSFER MATRICES WITH AUXILIARY FIELDS
For systems with more than three nucleons, sparse-matrix calculations using the lattice transfer matrix are not practical at large volume. Instead we use projection Monte Carlo with auxiliary fields. A review of the auxiliary-field formalism can be found in Ref. [46] .
We define M (nt) (π ′ I , s, s I ) as the leading-order auxiliary-field transfer matrix at time step n t ,
s I ( n, n t )ρ We can write M LO as the normalized integral
ππ is the piece of the instantaneous pion action at time step n t ,
and S (nt) ss is the auxiliary-field action at time step n t ,
with
The NLO and NNLO interactions are treated using perturbation theory. We let
and U (nt)
With these extra fields and linear functionals we define
In Ref. [6, 7, 46] there were factors of √ α t multiplying U (nt) (ε) and U (nt) I 2 (ε). We have removed these factors here as they complicate the discussion of the three-body interactions at NNLO. Let M (nt) (ε) be the normalized integral,
When all ε fields are set to zero we recover M LO ,
To first order in perturbation theory the NLO interactions in M NLO can be written as a sum of bilinear derivatives of M (nt) (ε) with respect to the ε fields at ε = 0,
Similarly for NNLO we have
The three-nucleon contact interaction is
and the one-pion exchange interaction has the form
The three two-pion exchange terms are
We extract the properties of the ground state using Euclidean-time projection. Let Ψ free be a Slater determinant of free-particle standing waves on the lattice. We construct the trial state |Ψ(t ′ ) using
where t ′ = L to α t and L to is the number of "outer" time steps. As the notation suggests, the transfer matrix M SU(4) π is invariant under an exact Wigner SU(4) symmetry and acts as an approximate low-energy filter. The amplitude Z(t) is defined as
where t = L t i α t and L t i is the number of "inner" time steps. The transient energy
is given by the ratio of the amplitudes for t and t + α t ,
The ground state energy E 0,LO equals the asymptotic limit,
We calculate these Euclidean-time projection amplitudes using auxiliary fields. For a given configuration of auxiliary and pion fields, the contribution to the amplitude Z(t) is proportional to the determinant of an A × A matrix of one-body amplitudes where A is the number of nucleons. Integrations over auxiliary and pion field configurations are computed using hybrid Monte Carlo. Details of the method can be found in Ref. [4, 46, 58, 59] .
For the ground state energy at NLO and NNLO we compute expectation values of M LO , M NLO , M NNLO inserted in the middle of a string of M LO transfer matrices,
From the ratio of amplitudes,
we define the transient NLO energy correction ∆E NLO (t). The ellipsis denotes terms which are beyond first order in the NLO coefficients. The NLO ground state energy E 0,NLO is calculated using
Similarly at NNLO we have
VI. PRECISION TESTS OF MONTE CARLO SIMULATIONS
We use the three-nucleon system to test the auxiliary-field Monte Carlo simulations. The same observables are calculated using both auxiliary-field Monte Carlo and the exact transfer matrix without auxiliary fields. We choose a small system so that stochastic errors are small enough to expose disagreement at the 0.1% − 1% level. We choose the spatial length of the lattice to be L = 3 and set the outer time steps L to = 0 and inner time steps L t i = 4. With 2048 processors we generate a total of about 10 8 hybrid Monte Carlo trajectories. Each processor runs completely independent trajectories, and we compute averages and stochastic errors by comparing the results of all processors.
We choose Ψ free to be a spin-doublet isospin-doublet state built from the Slater determinant of standing waves |ψ 1 , |ψ 2 , |ψ 3 with
In Table II 
" [10 9
MeV 5 ] −1.5892(3) −1.58898
MeV 5 ] 6.8019(11) 6.80197
fitted to the physical triton energy. In Table III we compare Monte Carlo results with exact transfer matrix calculations for the derivative of the energy with respect to each NLO coefficient. In Table IV we make the same comparison for the derivative of the energy with respect to each NNLO coefficient. The numbers in parentheses are the estimated stochastic errors. In all cases the agreement between Monte Carlo results and exact transfer calculations is consistent with estimated stochastic errors. 
VII. ENERGY OF THE α PARTICLE
We simulate the α particle on cubic periodic lattices with length L = 5, 6, 7, 8. These correspond with physical lengths L = 9.9, 11.8, 13.8, 15.8 fm. For Ψ free we take the Slater determinant formed by standing waves
For each value of L t i a total of about 6×10 6 hybrid Monte Carlo trajectories are generated by 2048 processors, each running completely independent trajectories. Averages and stochastic errors are computed by comparing the results of all processors.
For L = 5, 6, 7, 8 we show Monte Carlo results in Fig. 8 for
versus Euclidean time t. These are labelled as LO, NLO, and NNLO respectively. The NNLO data uses c D = 1.0 with c E fitted to the physical triton energy. In addition to the Monte Carlo data we plot the asymptotic forms for each term in Eq. (91) using In Fig. 9 we plot the NNLO α-particle energy versus c D , with c E fitted to the physical triton energy. The bands indicate the estimated error due to stochastic noise and asymptotic fits at large t. The α energy should approach the infinite volume limit from below, similar to our results for the triton energy. Hence the deviation between data at L = 7 and L = 8 is likely due to stochastic noise and fit errors rather than finite volume effects. The α energy shown at −29.0 MeV is the estimated Coulomb-subtracted energy [30] . 
VIII. SUMMARY AND DISCUSSION
We have presented the first study of low-energy few-nucleon systems on the lattice at next-to-next-to-leading order in chiral effective field theory. We computed nucleon-nucleon phase shifts and S-D mixing angle on the lattice and used scattering data to determine unknown two-nucleon operator coefficients. In the three-nucleon system we calculated the triton energy and determined neutron-deuteron phase shifts using Lüscher's finite volume method. These were used to constrain the two cutoff-dependent three-body coefficients, c D and c E . For the four-nucleon system we recast the lattice action in terms of auxiliary fields and used projection Monte Carlo to calculate the energy of the α particle.
There are several ways in which the lattice calculations presented here can be improved and extended in future work. One improvement is the inclusion of isospin-breaking effects due to Coulomb interactions and quark mass differences. The framework for isospinviolating effects in chiral effective field theory has been developed over the past decade [60, 61, 62, 63, 64, 65, 66, 67, 68] . Work is currently underway to implement these effects within the lattice formalism.
Another area of improvement concerns the P -wave phase shifts for our leading-order lattice action. NLO corrections to the phase shifts are substantial for nucleon momenta above 100 MeV. This seems not to cause any problems for the light S-shell nuclei considered here.
However for P -shell nuclei we may find corrections strong enough to spoil the perturbative treatment of higher-order effects. In Ref. [7] this problem has already been resolved in neutron matter calculations using a new leading-order action LO 3 . This lattice action uses spin-isospin projection operators to produce Gaussian smearing only in even partial wave channels. The implementation of the LO 3 action in Monte Carlo simulations with both protons and neutrons is computationally more intensive than the pure neutron simulations in Ref. [7] . The auxiliary-field formalism requires a total of 16 auxiliary fields and some increase in the sign/phase cancellations relative to the LO 2 action. Nevertheless studies of light P -shell nuclei using the LO 3 action are planned in the near future.
One recent paper constrains the cutoff-dependent coefficient c D from the triton beta decay rate [69] . From the point of view of computing the spectrum of light nuclei, the easiest method for determining c D is by means of the α-particle energy. This has the added benefit of removing systematic errors from the four nucleon system. If however we also want to accurately describe the chiral interactions of nucleons and light nuclei with soft pions, then it would be best to measure c D directly from the SU(2) axial coupling to two nucleon states. This is studied in Ref. [70] using pion production data in pp scattering. Unfortunately the pion production energy threshold is too high to be accessible at our lattice spacing and extrapolations are required. In the future another approach may be possible using direct theory-to-theory matching. In this technique lattice QCD would be used to calculate the axial charge of two-neutron scattering states in a periodic cube. This calculated value of the axial charge could then be used to fix c D for any chosen lattice spacing in lattice chiral effective field theory.
IX. ACKNOWLEDGEMENTS
We 
APPENDIX: LATTICE NOTATION
The vector n represents integer-valued lattice vectors on a three-dimensional spatial lattice, and p, q, k represent integer-valued momentum lattice vectors.l =1,2,3 are unit lattice vectors in the spatial directions, a is the spatial lattice spacing, and L is the length of the cubic spatial lattice in each direction. The lattice time step is a t , and n t labels the number of time steps. We define α t as the ratio between lattice spacings, α t = a t /a.
Throughout our lattice discussion we use dimensionless parameters and operators, which correspond with physical values multiplied by the appropriate power of a. Final results are presented in physical units with the corresponding unit stated explicitly.
We use a and a † to denote annihilation and creation operators. We make explicit all spin and isospin indices, a 0,0 = a ↑,p , a 0,1 = a ↑,n , (A.1)
The first subscript is for spin and the second subscript is for isospin. We use τ I with I = 1, 2, 3 to represent Pauli matrices acting in isospin space and σ S with S = 1, 2, 3 to represent Pauli matrices acting in spin space.
We use the eight vertices of a unit cube on the lattice to define spatial derivatives. For each spatial direction l = 1, 2, 3 and any lattice function f ( n), let
We also define the double spatial derivative along direction l,
For the three-body NNLO interactions we also use the notation f ( n) = 1 8 ν 1 ,ν 2 ,ν 3 =0,1 f ( n + ν), ν = ν 11 + ν 22 + ν 33 .
(A.5)
Local densities and currents
We define the local density, 6) which is invariant under Wigner's SU(4) symmetry [39] . Similarly we define the local spin density for S = 1, 2, 3,
isospin density for I = 1, 2, 3, 
Instantaneous free pion action
The lattice action for free pions with purely instantaneous propagation is S ππ (π I ) = α t ( π I ( n, n t )π I ( n, n t ) − α t n,nt,I,l π I ( n, n t )π I ( n +l, n t ), (A.16) where π I is the pion field labelled with isospin index I. It is convenient to define a rescaled pion field, π 
